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Abstract 

In this paper, we introduce the notion of derivations of Lie 2-algebras and construct the 
associated derivation Lie 3-algebra. We prove that isomorphism classes of non-abelian exten- 
sions of Lie 2-algebras are classified by equivalence classes of morphisms from a Lie 2-algebra 
to a derivation Lie 3-algebra. 



(N 
> 

m 

• ! 1 Introduction 

m 

^~i I Eilenberg and Maclane [5] developed a theory of non-abelian extensions of abstract groups in 

the 1940s, leading to the low dimensional non-abelian group cohomology. Then there are a lot 
of analogous results for Lie algebras [H |S1 [TB] . Nonabelian extensions of Lie algebras can be 
described by some linear maps regarded as derivations of Lie algebras. This result was generalized 

^^ I to the case of super Lie algebras in [2j , and to the case of Lie algebroids in [H [TTl [TS] . 

H ' Lie 2-algebras are the categorification of Lie algebras [3]. In a Lie 2-algebra, the Jacob! identity 

. . .' is replaced by a natural isomorphism, which satisfies its own coherence law, called the Jacobiator 

identity. The 2-category of Lie 2-algebras is equivalent to the 2-category of 2-term Loo-algebras, 
so people also view a 2-term Loo-algebra as a Lie 2-algebra. Associated with any Lie algebra i, 

ad 

6 — > Der(6) is a strict Lie 2-algebra, where Der(t) is the Lie algebra of the derivations of J. Any 
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non-abelian extension of a Lie algebra m by f is described by a morphism from m (a trivial Lie 

ad 

2-algebra) to the Lie 2-algebra i — > Der(t). Semidirect product Lie 2-algebras and the integration 
of string type Lie 2-algebras were studied in pS] • 

In this paper, we study the non-abelian extensions of Lie 2-algebras. To do that, first we develop 
the theory of derivations of Lie 2-algebras. In general, for an Loo-algebra L, degree p derivations 
of L is defined using coderivations of the coalgebra As(L) [T7]. Concentrate on the case of Lie 
2-algebras, by truncation, we construct a strict Lie 2-algebras Der(0) associated with derivations, 
which plays important role when we consider nonabelian extensions of Lie 2-algebras. Motivated 
by the nonabelian extension theory of Lie algebras, we construct the associated strict Lie 3-algebra 
DER(0), which we call the derivation Lie 3-algebra. Any non-abelian extension of a Lie 2-algebra 
by a Lie 2-algebra f) gives rise to a morphism from g to the derivation Lie 3-algebra DER(f)). 
Furthermore, the isomorphism classes of extensions are classified by the equivalence classes of such 
morphisms. 

The paper is organized as follows. In Section 2, we recall some basic definitions regarding Lie 
2-algebras and strict Lie 3-algebras. In Section 3, we give the definition of derivations of degree 
of Lie 2-algebras using explicit formulas. Then by truncation, we obtain the strict Lie 2-algebra 
Der(0) associated with derivations. At last, we construct the associated strict Lie 3-algebra DER(g), 
which we call the derivation Lie 3-algebra. In Section 4, we prove that by choosing a splitting, any 
non-abelian extension of the Lie 2-algebra by f) gives rise to a morphism from g to the derivation 
Lie 3-algebra DER([)) and different splittings give rise to equivalent morphisms. Moreover, there 
is a one-to-one correspondence between the isomorphism classes of non-abelian extensions and the 
equivalence classes of morphisms. 

2 Preliminaries 

In this section, we recall some basic concepts and facts about Lie 2-algebras and strict Lie 3-algebras, 
and see [21 El HH] for more details. An Loc-algebra is a graded vector space L = Lq (B Li (B ■ ■ ■ 
equipped with a system {lk\ 1 < fc < oo} of linear maps Ik ■ /\^L — > L of degree deg(/fc) = k — 2, 
where the exterior powers are interpreted in the graded sense and the following relation with Koszul 
sign "Ksg" is satisfied for all n > 0: 

^ (_l)'0-i)^sgn(cr)Ksgn(CT)/j(/,(a;<^(i),--- ,x„(^,^),x„(^,+^,- ■ ■ ,a;^(„)) = 0, (1) 

2+j— n+l a 

where the summation is taken over all (i, n — z)-unshuffles with i > 1. A Lie 2-algebra is a 2-term 
Loo-algebra. More precisely, we have 

Definition 2.1. |3J A Lie 2-algebra L is 2-term complex of vector spaces L : Li — > Lq with linear 
maps {Ik ■ /\^L — > L,k = 2,3} of degree deg(/fc) = fc — 2 satisfying the following equalities 

• dl2{x,a) — l2{x,da), 

• l2{da,b) = l2{a,db), 

• hix, kiv, z)) + hiy, hiz, x)) -H hiz, hix, y)) = d/3(x, y, z), 

• hix, hiy, a)) + hiy, hia, x)) -f hia, hix, y)) = hix, y, da), 

• ^3(^2(2;, y), z, t) + c.p. = hihix, y, z),t)-\- c.p., 



for any x, y, z,t £ Lq, a,b E Li. If I3 = 0, L is called a strict Lie 2-algebra. 

Sometimes we use [■, ■]l instead of I2 and we denote a Lie 2-algebra by (L, d, I2, h)- 

Let V : Vi — ;• Vq be a 2-term complex of vector spaces, and we can form a new 2-term 

complex of vector spaces End(V) : End^(V) — > EndJ^(V) by defining S{D) ^ do D + D od for any 

D e End^(V), where End^(V) == End(T/o, V'l) and 

End^(V) == {X = (Xo,Xi) e End(Vb, Vq) ® End(yi, Vi)| Xq o d ^ d o Xi}. 

Define h : A2End(V) — > End(V) by setting: 

l2{X,Y) = [X,Y]c, 
l2iX,D)^[X,D]c, 
l2iD,D')^0, 

where [•, -Jc is the graded commutator, for any X,Y e End°(V) and D, D' e End^(V). 

Theorem 2.2. [TUlIIlj With the above notations, (End (V), (5, ^2) is a strict Lie 2-algebra. 

Definition 2.3. Let (L,d, ^2,^3) o-nd (L', d', ^27 ^3) ^^ Lie 2-algebras. A Lie 2-algebra morphism 
f : L ^- L' consists of: 

• two linear maps fo : Lq ^ L'q and /i : Li — > L'l, 

• one skew-. symmetric bilinear map f2 '. Lq y. Lq ^f L'l, 
such that the following equalities hold for all x,y, z £ Lq, a £ Li, 

• d' o /i = /o o d, 

• fahix, y) - ^2(/o(a;), /o(y)) = d72(a;, y), 

• fil2{x,a) -l2{fa{x),fi{a)) = f2{x,da), 

• l2{fQ{x),f2{y,z)) + c.p. -\- l'^{fo{x), fo{y), foiz)) = f2{l2{x,y),z) + c.p. + fi{h{x,y,z)), 

where c.p. means cyclic permutation. If /2 = 0, the morphism f is called a strict morphism. 

Definition 2.4. A strict Lie 3-algebra is a graded vector space L — Lo®-^i®-^2 with linear 
maps {li : A*L -^ L,i ~ 1,2} of degree deg{li) — i — 2, satisfying the following equalities for any 
x,y,z e L: 

(a) q = 0, 

(b) lMx,y) = l2{li{x),y) + {-iy-\l2{x,h{y)), 

(c) {~l)\-\\^\l2{l2{x,y),z) + {-l)\-\\y\l2{l2iy,z),x) + {~l)\y\\%{l2{z,x),y) = 0. 

Definition 2.5. Let {L,d, 12,13) be a Lie 2-algebra and (L',d',l'2) be a strict Lie 3-algebra. A 
morphism f from L to L' consists of: 

• two linear maps /o : Lq — > Lq and /i : Li — > L'l, 

• two skew- symmetric bilinear maps f2 '■ Lq x Lq — ;• L'l and f2 : Lq x Li — > L'2, 



• one skew- symmetric trilinear map f^ : Lq x Lq x Lq — > L'2, 
such that for all x, y, z,t ^ Lq, a, 6 G Li, we have 

d' o /i = /o o d, 

fol2ix,y)-l',{fo{x)Jo{y)) = d'f^ix,y), 

fMx,a)-l',ifoix)Jiia)) = f^ix,d{a))+d'f^ix,a), 

Wi{a),h{b)) = /](a,d(6))-/](d(a),6), 

/2 ('2(3:, y),z) + c.p. + fiihix, y, z)) = l2{fo{x), /2 (y, z)) + c.p. + d'fsix, y, z), 

fi{l2{x,y),a)+c.p. + hix,y,da) = Ukix), fl{y,a)) + UMy), fl{a,x)) - I'^ihia), f^{x,y)), 

and 

f^{x,k{y,z,t)) + Ufn{x)j3{y,z,t)) + c.p. ^ Ml2{x,y),z,t) + c.p. + {l'2{f°{x,y), f^{z,t)) + c.p.). 

3 Derivations of Lie 2-algebras 

For a graded vector space L, there is a natural coalgebra structure on As{L), where s{L) is the 
graded vector space shifted by 1. Another equivalent definition of an L^a structure on L is a 
coderivation d of degree —1 satisfying 9^ = on the coalgebra As{L). See [S1[TU| for more details. 

Definition 3.1. [17| A derivation of degree p > 1 of an Loo-algebra L is a coderivation f G 
CoderP{As{L)) of degree p of the coalgebra As{L). A derivation of degree of an Loo-algebra L is 
a coderivation of degree of the coalgebra As{L), which is commutative with d. 



Denote by Der^- (L) the set of degree p derivations of L and Der (L) the set of degree 
derivations of L, then we have a differential graded Lie algebra [T7] 



^^ DcrP(L) ^ . . . ^ Dcr"(L) -^ 0. 

Concentrate on the case of Lie 2-algebras, we can give the definition of derivations of degree 
of Lie 2-algebras using explicit formulas as follows. 

Definition 3.2. Let (g : gi — > 0o,[-,-]g,Z|) be a Lie 2-algebra. A derivation of degree of g 
consists of 

• an element X G Endj(g), 

• a .skew- symmetric bilinear map Ix '■ Bo ^ 0o — ^ 0i) 
such that for all x,y, z £ Qq and a G 0i 

(a) X[x, y]g - [Xx, y]g - [x, Xy]g = dglx{x, y), 

(b) X[x, a]g - [Xx, a]g - [x, Xa]g = lx{x, dgo), 

(c) lx(x,[y,z]g) + [x,lx{y, z)]g -\- l^(Xx,y, z) -\- l^{x, Xy, z) -^ l^{x,y,Xz) 

= Xl^{x,y,z)-\-lx{[x,y]g,z)-\-lx{y,[x,z]g) -\- [lx{x,y),z]g -f [y,lx{x,z)]g. 

We denote a derivation of degree of g by {X,lx) and the set of derivations of degree of g 
by Der^ig). 



Remark 3.3. In a strict case, derivations of Lie 2-algebras can he realized as normalizers of the 
corresponding Dirac structures in omni-Lie 2-algebras (see Section 4 in \14i for more details). 

Example 3.4. For any x e Qq, define ad^^ G Endj(g) hy Sidx{y + a) = [a;, y + a]g for any y G go 
and a E Qi, then (adj;, Zad^ = ^si^: 'j ')) ^ ^'^^' (o); which we call an inner derivation. 

For any {X, Ix), {Y, ly) G Der°(g), and x, y e go, we have 

[X,Y]c([x,y],) - [[X,Y]c(x),y], - [x, [X,Y]c{y)], 
= X{Y[x, y]^) - Y{X[x, y\^) - [X{Yx) - Y{Xx),y]^ - [.x, X{Yy) - Y{Xx)\^ 
= X{[Yx, y]^ + [x, Yy]^ + d^Wix, y)) - Y{[Xx, y]^ + [x, Xy]^ + A^lx{x, y)) 

^[X{Yx) - Y{Xx),y], - [x, X{Yy) - Y{Xy)]^ 
= [X{Yx),y]^ + [Yx,Xy]^ + d^lx{Yx,y) + [Xx,Yy]^ + [x, X(yy)]g + dgZx(x, Yy) 

^[Y{Xx),y], - [Xx, Yy], - d^WiX^x, y) - [Yx, Xy]^ - [x, Y{Xy% - d^Zy (x, Xy) 

+XdgZy(x,y) - rdg/x(x,y) - [X{Yx),y]^ + [r(Xx),y]g - [x,X(yy)]g + [x,Y{Xy)]^ 

= dg (^x {Yx, y) + Zjf (x, Yy) - Iy{Xx, y) - Iy{x, Xy) + XIy(x, y) - Ylx (x, y)) . 

It is straightforward to see that 

l[x.Y]c{x,y) = lx{Yx,y) + lx{x,Yy) -WiXx.y) - lY{x,Xy) + XlY{x,y) -Ylx{x,y) (2) 

satisfies Condition (c) in Definition 13. 21 Thus, there is a weU-defined biUnear skew-symmetric map 
[•,-]Dcr:A2Der°(B)^DerO(0): 

[{X,lx)AY,lY)her - {[X,Y]c,llX,Y]a) (3) 

For any {X, Ix), {Y, Iy), (Z, Iz) G Der (g), it is straightforward to deduce that 

l[X.{Y.Z\c\c+hy,[Z,X\c\c+hz-[X.Y\c\c = 0- 

Thus, we have 

Lemma 3.5. With the above notations, (Der (g), [•, -Jdci) is a Lie algebra. 



By Definition 13. 11 the degree 1-derivation Der^(g) = Coder^{As{L)) is given by 



Deri(0) = Endi(g) © End(go, A^go) © End(gi, A^go). 

However, we find out that a smaller, thus simpler, sub-Lie 2-algebra of the above (see Theorem l3.7p 
is enough for the application of non-abelian extensions in our setting. Thus by truncation, we obtain 
a smaller Lie 2-algebra, which plays essential role when we consider extensions of Lie 2-algebras in 

Section 4. To do that, first we consider the complex End^(g) — > End"(g) ©Hom(A^go,gi), where 
S is given by 

^D) ^ i5iD),ls^n)), (4) 

in which Is(d} '■ A^0o — > Qi is given by 

h{D){x,y) = D[x,y]s - [x,D{y)]g - [D{x),y]^. (5) 



Proposition 3.6. With the above notations, S{D) is a derivation, i.e. 5{D) £ Dcr (g). Thus, we 
have a well-defined complex 

Der(0) : Bbv^q) ^ End^Q) A Der°(0). (6) 

Proof. By (0), and the fact that 6{D)[x,y]g = dgD[x,y]g and 5{D)[x,a]g — I?[a;,dga]g, we have 
the following two equalities obviously: 

5{D)[x,y], = [S{D){x),y], + [x,S{D){y)],+dMD){^,y), 
S{D)[x,a]g = [5{D){x),a]g + [x,S{D){a)]g+ls(D){x,dga)- 

By straightforward computations, we can obtain Condition (c) in Definition 13.21 i.e. the following 
equality: 

lsiD){x, [y, z]s) + [x, lsiD){y, 2)]b + lliSiD){x),y, z) + Zf (x, 5{D){y),z) + /f (s, y, 5{D){z)) 
= 5{D)ll{x,y, z) + ls(^D){[x,y]g, z) + ls(^D){y, [x,z\g) + [ls(D){x,y),z]g + [y,h{D){x,z)]^. 

Thus, 5{D) is a derivation. ■ 

Define a bilinear skew-symmetric map [■, -JDcr : Der°(g) A Der"'^(g) — > Der^(0) by: 

[(X,/x),^]Dcr - [X,D]c. (7) 

Theorem 3.7. (Der(0),(5, [•, -jDcr) is a strict Lie 2-algebra, when the complex Der(g) is given by 
(pl), the differential 5 is given by ((¥]) and the bracket [^-Jdci is given by ([3|) and ([7]). 

Proof. By Theorem 12.21 and Lemma 13.51 we only need to prove that ^ is a graded derivation with 
respect to the bracket operation [•, -jDcr, i-e. 

S[{X,lx),D]uor = [{X,lx),5{D)]^,,, (8) 

[5{D),E]^,, = [D,6{E)]^,„ (9) 

for any {X, Ix) e Der°(g) and D,E e Der^(0). The left hand side of ^ is equal to 

S[iX, Ix), D]uer = 6[X, D]c = mx, D]c),l5ax,D]c})^ 

where ls{ix,D]c) is given by 

ls{[X,D]c)iX'y) 

= [X,D]c{[x,y],) - [[X,D]c{x),y], - [x, [X,D]c{y)], 

= X o D[x, y],-Do X[x, y], - [x, X o D{y) - D o X{y)]^ - [X o D{x) - D o X{x), y]^ 

= X{[x, D{y% + [D{x), y], + Is(d) {x, y)) - D[X{x), y]^ - D[x, X{y)]^ - Dd^lx{x, y) 

-[x,Xo D{y) - D o X{y% - [X o D{x) - D o X{x), y]^ 
= [X{x), D{y)]^ + lx{x, d,D{y)) + [D{x), Xiy)], + IxidM^), y) + XIs(d) {x, y) 

~D[X{x), y]^ - D[x, X{y% - Dd,lx{x, y) + [x,Do X{y% + [D o X{x),y]^. 

By ([2), the right hand side of ([S]) is equal to 

[{X, Ix)Ad)W. = [{X, Ix), {5{D),kiD))Wr = ([X, 8{D)]c,l^x.s(D)]c), 



where l[x,s{D)]c is given by 

l[x,s{D)]ci^^y) = lx{dgD{x),y) + lx{x,dQD{y)) - ls(D){X{x),y) - ls(D){x,X{y)) 
+Xls(D){x,y) - Ddglx{x,y) 
= lx{d,D{x),y) + lx{x, d,D{y)) - D[X{x), y], + [D o X{x),y], + [X{x), D{y)], 
~D[x,X{y)]^ + [D{x),X{y)], + [x,D o X{y)], + Xls(^D)ix,y) - Dd^lx{x,y). 

Thus, we have 

kxMD)]c ='<5([X,D]c)- (10) 

Furthermore, by the fact that 

5{[X,D]c)^[X,5{D)]c, 

we deduce that the equation ([5]) holds. 

Equation Q holds since we have [5{D),E\c = [D,5{E)]c- This finishes the proof. ■ 

In the classical case of Lie algebras, a nonabelian extension 

ad 

can be described by a morphism from the Lie algebra g to the strict Lie 2-algebra { — > Der(t) by 
choosing a splitting. Thus, we can see that only considering the derivation Lie algebra Der(J) is 
not enough, we have to extend it to a Lie 2-algebra. Motivated by this, if we consider extensions of 
Lie 2-algebras, we have to extend the strict Lie 2-algebra Der(g) given in Theorem 13.71 to a strict 
Lie 3-algebra. 

Associated with the 2-term complex Der(g), we can form a 3-term complex of vector spaces 

DER(gli] : gi ^ Bc?{q) © go ^ Der°(g), 

whose degree part DER°(g) is Der*'(g), degree 1 part DER^(g) is Der^(g) ©go, degree 2 part 
DER^(g) is gi and for any a G gi, {D, x) e Dcr^(g) go, do is given by 

dD (a) = (ad - dg ) (a) = (ado , -dg (a) ) , 
dxi{D,x) = {5 + &d){D,x)^5D + {a.d^Xd^). 

dp = follows from 

5{aida) = add„Q. (11) 

Define a bilinear degree bracket [•, -Jder : DER(g) A DER(g) — > DER(g) by 



(12) 



f [{x,Ix),{y,Iy)Wk = [{x,ix)AyMW.. 

[(X,Zx),(-D,2:)]der = {[{X,lx).D]^,, + lx{x,-),X{x)), 
[{D,x),{D\x')]y,ek = -Dx'-D'x, 
[{X,lx),a]BER = X{a), 

for any (XJx), (YJy) e DER°(g), {D,x),{D' ,x') G DER^g) and a e DER2(g). 

Theorem 3.8. With the above notations, (DER(g),dD, [•, -Ider) is a strict Lie 3-algebra, which 
we call the derivation Lie 3-algebra of q. 



^For an Loo-algebra L, Der(L) has been already considered by Danny Stevenson, see [17[ for more details. 



Proof. We only need to show that do is a graded derivation with respect to the bracket operation 
[•,']der, and [•, -Jder satisfies the graded Jacobi identity. The condition that du is a graded 
derivation is equivalent to 

d-D[{X,lx),a]uER = [{X,lx),dBia)]uER, (13) 

do[{X,lx),iD,x)]DER = [{X,lx),dB{D,x)]BER, (14) 

du[{D,x),{D\x')]uER = [du{D,x),{D',x')]BER-[{D,x),dB{D',x')]uER, (15) 

[du{D,x),a]-DER = [(i:',a::),dDa]DER- (16) 

The left hand side of P^ is equal to (adx(a)i ^dgX(a)), and the right hand side is equal to 

{[X,ada]c ~ix{dga,-),-X{dga)). 

By the fact that [X, ada]c = s.'ixia) + Ixids^a, •), we obtain P^ . 
The left hand side of (fTi)) is equal to 

do[{X,lx),{D,x}]uER 

= du{[iX,lx),D]ucr + lx{x,-),X{x)^ 
= du{[X,D]c + lx{xr),X{x)') 

= {^{{^iD]c + lx{x, •)) +&<ixxJs[X,D]c + ^S{lx{x,-)) + ^adx(^)]- 

The right hand side of P^ is equal to 

[{X,lx),du{D,x)]oER 

= [{X, Ix), {S{D), ls(^D)) + (ad^, UJlDcr 

= i[X,S{D) + &dx]cJix,s{D)+i,d^]c) 

= {[X,S{D)]c + adx(x) + SHxix, ■)),l[XJ{D)]c+i^dx(^-)+S{lx{'.i:,-})) ■ 

The last equality holds since {X,lx) is a derivation. Therefore, by the fact that i5 is a graded 
derivation with respect to the bracket operation [•, ■]c, we deduce that 

d-D[{X,lx),iD,x)]uER = [{X,lx),du{D,x)]uER- 

The left hand side of (jTC)) is equal to 

doi^Dx' - D'x) = (-ado(,o - i^dD'(x),d,{D{x')) + d,{D'{x))). 

The right hand side of (|15p is equal to 

[S{D) + ad„ [D', x')]der - [{D, x),5{D') + ad,,]DER 
= {[5{D),D']c + [B.d^,D']c + ls(D){x' .■) + kdS^' r).5{D){x') + [x,x%) 

-{[D, 5{D')]c + [D, ad,,]c - lsiD'){x. ■) - kd^, (x, ■), -SiD')ix) - [x' , x]g) 

- {[a.d.,,D']c + ls(D'){x,-) -[D,ad,']c + l5iD){x',-),dg{Dix')) + d,{D'{x)) 



By (0), we deduce that P^ holds. It is straightforward to deduce that P^ holds. 

The bracket operation [•, -Jder satisfies graded Jacobi identity, and it is equivalent to 

[[{XJx),{YJY)hER,a]Y)ER + C.p. = 0, (17) 

[[(X,lx),{Y-JY)hER,{D,x)]BEK + C.p. = 0, (18) 

and 

[[{X, Ix), [D, a;)]DER, [D' , x')]der + [[{D, x), iD',x')]uER, {X, Ix)]der 

-[[{D', x'), {X, lx)hER, {D, x)]der = 0. (19) 

It is obvious that (fTT)) holds. By straightforward computations, the left hand side of (fT5)) is equal 
to 

[([X, r]c, l[x.Y]c)^ (D, x)]der + [{[Y, D]c + Iy{x, •), Yx), {X, /x)]der 
+ [i[D,X]c~lxix,-),~Xx),{Y,lY)hER 
= ([[X, r]c, D]c + lix,Y]c i^. •), [X, Y]c{x)) 

+ {[[Y, D]c + Iy{x, ■),X]c - lx{Yx, ■), -X{Yx)^ 
+ {[[D, X]c - lx{x, •), Y]c + Iy{Xx, ■).Y{Xx)) . 

Since [•, ■]c satisfies the Jacobi identity and by the definition of l[x.Y\c (see ^), we get ([T^ . (fTOj) 
can be deduced similarly. ■ 

Definition 3.9. Let (g, dg, [•, -Jg, ^|), (f),d[,, [-,•](,, ^3) be two Lie 8-algebras. Assume that f = 
(/o, /i, /" > fhfs) o-'Tid f = (fl), /(, f^', f^', fl^) are two morphisms from g to DER([)). We say that 
f is equivalent to f if there exist: 

• linear maps bo : Qq — > ()o and 61 : gi — > f)i, 

• a bilinear map 62 • A^go — >■ i}i, 

such that (60,^1) is a chain homotopy from {f^^fi) to (/o,/i).' 

/o - /o == dD o &o, 

fi-f'i = baodg+duobi, 

and the following equalities hold for all x,y, z Cz go and a G gi, 

(12' - f2){^,y) = [foix).boiy)hER~my),boix)]^ER~bo{[x,y],) 

+ [dBbo{x),bo{y)]BER-dBb2{x,y), 
(/2 -/2)(2;,a) = [fl){x),bi{a)]uER + [f[(a),bo{x)]BER-bi{[x,a]g) 

+ [dj:,boix),bi{a)]-DER + b2{x,dga), 
ifs- h)(x,y,z) = [fl^{x),b2{y,z)]uER~b2{[x,y]g,z) + c.p. 

+ [/" i^^ y), ^o(^)]der + [duboix], b2{y, z)]der + lf;_^(x){bo{y),bQ{z)) + c.p. 

-bi{ll{x,y,z)) + l'^{bo{x),boiy),bo{z)). 



Remark 3.10. Let f) = (0 



f)o, 



■'•]l)0'^3 



0) be the trivial Lie 2-algehra determined by a Lie 



ad 



algebra f)o, then the Lie 3-algebra DER(f)) reduces to the well-known Lie 2-algebra f)o — !• Der(f)o). 

Two morphisms f = (/o,/i,/2) f^*^*^ /' = (/01/11/2 ) from q to f)o — > Der(()o) are equivalent if 
and only if there is a linear map bo : go — > f)i such that 

/0-/0 = ad 060, 

if'' - /2)(^, y) = fo{x){bo{y)) - fo{y){bo{x)) - bo{[x, y],) + [bo{x), bo{y)]^, 
i.e. bo is a 2-morphism from f to f in the sense of Baez-Crans 0/. 

4 Non-abelian Extensions of Lie 2-algebras 

Definition 4.1. (i) Let q : Qi — > Qq, \) : f)i — ;• [)o; : §1 — > §0 be Lie 2-algebras and 
i = («i,«o) '■ f) — > Q, P — (pi,Po) '■ fl — ^ Q be strict morphisms. The following sequence of 
Lie 2-algebras is a short exact sequence iflia{i) = Kcr(p), Ker(i) = and Ini(p) = g. 














d 



Pi 



-> 01 



-^ t) 







-> 00 



Pa 



-> 00 



-^ 

"1 

-^ 



(20) 



We call g an extension of Q by \), and denote it by Eg. 



(ii) A splitting a : q — > q of p : q — > g consists of linear maps oq : Qq — ;• go cind cri : gi 
such that po o (7q = idg^ and pi o ai = idg-^ . 

(iii) We say that two extensions of Lie 2-algebras Eg : f) — ;• g — > g and Eg : t) — > g — 



g are 



isomorphic if there exists a Lie 2-algebra morphism F : g — >■ g such that F oi = j ^ qo F = p 
and F2{i{u), a) — 0, for any u €\)q, a G go- 

In the sequel, we will write an element {X, Ix) G Der'^([)), by X to simplify the computation. 

Given a splitting a, we have go — 0o © f)o and gi = gi ® f)i as vector spaces. Furthermore, 
(lo, Ji) are inclusions and (poiPi) are projections, a induces linear maps: 

'fi{a) = dcr(a) — cr(dga), 

liQ{x){u + m) = [(T(a;),u + m]g, 

lii{a){u) = [a{a),u]-^, 

lJ'2{x,y) = l3{a{x),a{y),-), 

uj{x,y) = a[x,y]^-[a{x),a{y)]^, 

i^(x,a) = a[x,a]g-[cr{x),c7{a)]^, 

9{x,y,z) = a{l^{x,y,z))-l3{a{x),a{y),cr{z)), 



^ 


01 


-^ f)o, 


tiQ 


00 


-^ Der°([)), 


Ail 


01 


-^ Dcri([)), 


1^2 


a20o 


-^ Dcri([)), 


UJ 


A^0o 


-> f)o, 


u 


0oAgi - 


-^ t)i, 


9 


A^go 


-^ t)i, 



for any x,y,z <E go, a G gi, m G t)o and ttt, G f)i. 
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Proposition 4.2. The splitting a induces a morphism 

f = (/o, fiJl II h) = W Ml - V, -M2 + c^, y, 0) (21) 

from the Lie 2-algebra g to the derivation Lie 3-algebra DER(f)). Moreover, different splittings give 
equivalent morphisms. 

Proof. By computations, we have 

{d-Q ° [iJ-i - '■p){a)){u + 'm) = (5 + ad)(^i(a), -(^(a))(u + m) 

= ^(^i(a))(M + m) -ad^(Q)(u + m) 

= df, [cr(a),u]| + [(T(a), d|,m] j - [(^(a), u + m](, 

= [dcr(a),u]g + [dcr(a),m]j - [(^(a), u + m]i, 

= [cr(dga) + (^(a),u + m]g - [(^(a),'u + m](, 

= ^o(d0a)(u + TO), 



which imphes that 

We have the equahties 



dDo/i = /oodg. (22) 



[(TX, [ay, u]g]g + c.p. = d^sl^a;, cry, u), (23) 

[era;, [cry, m]^]^ + c.p. = /3(crx, cry, A^m). (24) 

The left hand side of (pS)) is equal to 

[■",CT[a;,y]g -w(x,y)]g + [cr(a:;), ^o(2;)w]b - [(^{y),t^Q{x)u]-^ 

= [Mo(a;),Mo(y)]DER(M) -Aio([a;,2;]B)(w) +&'^uj(x,y){u), 

and the right hand side is equal to d|,(/i2(a;, y)u), which implies that 

[Mo(2:),Mo(y)]DER(u) ~ ^i(i{[x,y\^){u) ^dt,{fi2{x,y){u)) - ad^(x,y)U- 

Similarly, by (dU, we get 

[Ho{x), fio{y)]BER{m) -/io([a;,y]g)(m) ^ ^l2{x,y){dt,m) - ad^(x,y)m. 

Therefore, we have 

/o([a^,y]g) - [/o(a;),/o(2/)]DER = ^ioi[x,y]s)-[tJ'o{x),fJ.oiy)]DER 

= -S{fi2{x,y))+a.d^(^^y)=duo f2(x,y). (25) 

We have the equality 

[era;, [aa, u]g]g + c.p. — lz{ax, dcra, u). 

Thus, we have 

[^lo{x),^il{a)]^EK{u) -^i([a;,a]g)(u) +ad^(j._a)U 
= [crx,/ii(a)(u)]g + [cr(a), -^o(a;)(u)]g + [u,cr[a;,a]g -v{x,a)]'^ 
= ^3 (era;, crdg (a) + '.p{a) , u) 
= fJ.2{x,dg{a)){u)+l3{(jx,ip{a),u). 
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By the equality d[cra;,cra]g — [crx,dcra]g, we obtain that 

fio{x)(ip{a)) -ip{[x,a]g) = uj{x,dga)-dt^iy{x,a). (26) 

Therefore, we have 

h{[x,a]g) - [/o(a;),/i(a)]DER 
= A'i([a;,a]g) ~(p{[x,a]g) - [fio{x), fii{a) - V5(a)]DER 

= fJ'i{[x,a]g) - [fio{x), fii{a)]oci- + lM^)i'fi"')^ ■) + f^o{x){(p{a)) -ip{[x,a]g) 
= -iJ,2{x,dga) -l3{ax,(p{a),-) + adj,(^^a) + lf,g(^){Lp(a), ■) +w(a;,dga) -di,iy{x,a) 
= /0(x,dga) + dD/](x,a). (27) 

By the equahty [dcra, crfejg ~ [aa,dab]g, we obtain that 

[/i(a),/i(fo)]DER = [Mi(a) -'P{a),fj-i(b) - '/'(6)]der = fii{a)(p{b) + ni{b)(p{a) 

= ,yia,d,b)~i^id,a,b)^f^{a,dgb)-f^{dga,b). (28) 

By the equahty 

[ax, [ay, az]^]^ + c.p. = dl3{ax, ay, az), 

we get 

- fJ-o{x)uj{y, z) - uj{x, [y, z]g) + c.p. = ~dt^e{x, y, z) + ifiH^ix, y, z)). (29) 

By the Jacobiator identity: 

l3{[ax,ay]^,az,u) + c.p. = [ax,l3{ay,az,u)]^ + c.p., 

we have 

[fJ-o{x), ^i2{y, z)]der - lf,o{x) {^{y, z), •) + c.p. = ^i2{[x, y]B,z) + c.p. + a.do(^^y^^) - fiil^ix, y, z). (30) 

By ([13 and dSOD, we have 

[fo{x), /" (y, z)]der + c.p. + dD/3(a;, y, z) 
= [^J.o{x), (-^2 + w)(2;, z)]der + c.p. + duOix, y, z) 

= (- bj-aix), ^J.2{y■. Z)hm- + l,,o(x)i'^iy: ^): ■) + ^^0{x)0J{y, Z) + C.p.) +dBO{x,y,z) 

= {- fJ-2{[x,y]s, z) + u!{[x,y]g, z) + c.p.) + fiil^{x,y,z) ~ (p{l^{x,y,z)) 
= f^i[x,y]s,z) + c.p. + hll{x,y,z). (31) 

By the equahty 

[ax, [ay, aa]^]^ + c.p. = h{ax, ay, daa), (32) 

we have 

[ax, a[y, a]g - ^{y, a)]g + [ay, a[a, x]^ - i/(a, x), ]g + [aa, a[x, y]^ - io{x, y)]-^ 
= cf[x, [y, alfllfl - i'{[x, [y, a]g) - ^io{x)v{y, a) + a[y, [a, x]^]^ - v{y, [a, x]^) ~ ^.o{y)v{a, x) 

+cr[a, [2:,y]g]g - v{a,[x,y]^) - fii{a)uj{x,y) 
= cr;f(a;,y,dga) - fio{x)i^{y,a) - ^io{y)v{a,x) - fii{a)uj{x,y) 

-v{x, [y, a]g) - v{y, [a, x]g) - v{a, [x, y]g) 
= h{c^x,ay,a{dQa) + ip{a)) 
= cr;f(a;,y,dga) - 61(2:, y, d^a) + ^i2{x,y)ip{a), 
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which impHes that 

[fa{x),f2{y,a)]DER + [/o(y),/2(a,a:)]DER - [.fi{a), f2{x,y)]BER 
= [f^o{x),i^{y, a)]uER + [/-io(y), t^{a, a;)]DER - [(mi - f){a), {-fJ-2 + ^){x, J/)]der 
= >^{[x, y]g,a) + iy{[y, a]g,x) + i/([a, x]g,y) + 0(x, y, dgo) 
== /2([a;,y]g,a) + /2([y,a]B,a;) + /2([a,a;]g,2/) + /3(a;,y,dga). (33) 

Smce for any x, y, z,t € 0O) 

hiicTx, ay]^,az, at) + c.p. = [ax, h{o-y, az, at)]^ + c.p.. 

The left hand side is equal to 

h{cr[x, y]g - uj{x, y), az, at) + c.p. 
= '^l3{[x,y]s,z,t) -0{[x,y]g,z,t) - fi2{z,t)uj{x,y) + c.p., 

and the right hand side is equal to 

[ax, all (y^ ^' t)-e{y,z, t)]g + c.p. 
= (^[x,ll{y,z,t)]g -v{x,ll{y,z,t)) - fio{x)0{y,z,t) + c.p.. 

Thus, we have 

[fa{x),Jz{y, z, t)]DER + fl{x, ll{y, z, t)) + c.p. 
= [f^o{x),d{y, z, t)]DER + i^{x, ;|(y, z, t)) + c.p. 
= Oi[x, ylg, z, t) + ^i2{z, t)uj{x, y) + c.p. 
= h{[x,y]„z,t) + [f^{x,y),f^{z,t)hER + c.p.. (34) 

By dH]), (113, (EH), CHI), (ED), (ESI),®, we obtain that / is a morphism from g to DER(f)). 
Given another splitting a' of the extension, there are the induced linear maps {tp' , /Iq, /i'^, /i2, w', i^' , 6') 
such that 

/' = (/O, /(, /2 ', /!', fs) = (/^O, M'i - V', -M2 + ^', ^', 0') 

is a morphism from g to DER(()). Assume that 

a{x) — a'{x) + bo{x), a{a) — a' [a) + 6i(a), 

where b^ : go — > f)o and &i : gi — 5- f)i are linear maps. Then it is straightforward to deduce that 

^iq{x) - ^i'q{x) = ad(6o(a;)), 

(p'{a)-Lp{a) = bo{dga) - di,bi{a), 

fii{a) - fi[{a) = adb^(<j), 

im - H2){x,y) = lf,'^{x){bo{y)r) - lt.'„{y){bo{x),-) + ll{bo{x),bo{y),-), 

{uj' -~uj){x,y) = fi'f^{x)bo{y) - fi'^{y)bo{x) + [bo{x),bQ{y)]t, -bo[x,y]g + d[, ob2{x,y), 

{v' -v){x,a) = ^o(x)(6i(a)) ~ ^[{a){bo{x)) ~bi{[x,a]g) + [&o(a;), &i(a)]r), 

(6*' -e){x,y,z) = fi'2{x,y)bQ{z) + li,,j^^{bQ{y),bo{z)) + c.p. - &i(/^(x, y, z)) + l^{bQ{x),bQ{y),bo{z)). 
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Then it is straightforward to see that /' is equivalent to / via {bo, 61, 62 = 0). 



Thus by choosing a spHtting, we can transfer the Lie 2-algebra structure on g to g f), which 
we denote by (g © (), d, [•, •] , ^3): 



d(a + m) = dg(a) + (^(a) + d[,(m), 
[x + u,y + v]^ = [x,y]g-uj{x,y) + fio{x)v- ido{y)u+[u,v]t,, 
[x + u,a + m] — [x,a]g ~ iy{x,a) + fj.o{x)m — fii{a)u + [Ujinli,, 



l3{x + u,y + v,z + w) = l^{x,y, z) — 6{x,y, z) + l^{u,v,w) 

+fJ-2{x,y){w) + fi2{z,x){v) + fj.2{y,z){u) 



for any x,y,z £ go, u,v,w £ f)o, a £ gi and m G [}i. 

Thus any extension E^ given by (|20p is isomorphic to 



(35) 











pi 



-> f)i — ^ 01 ® t)i 

4 '4 

-^ f)o — -^ 00 ® bo — ^ — > 00 



-^ 



(36) 



-^ 0, 



where the Lie 2-algebra structure on g © () is given by ([55]) for some morphism (PT|) . (io,ii) is the 
inclusion and (pojPi) is the projection. We denote the extension (|3t)P by Eg^f,. 

Theorem 4.3. There is a 1-1 correspondence between isomorphism classes of extensions of Lie 
2-algebras given by (j36|) and equivalence classes of morphisms (|2ip from the Lie 2-algebra g to the 
derivation Lie 3-algebra DER([)). 



Proof. Given two isomorphic extensions Eg^f, and E'^,^. Let F = (i^Oj -^1,^2) : E 



^seh 



E' 



001) 



be the corresponding isomorphism. By choosing two splittings a and a' respectively, we get two 
morphisms / and /' from g to DER(f)). In the following, we prove that /' is equivalent to /. 
Since F is an isomorphism of extensions, we have 

F2{u,v)^Q, F2(x,u)=0, F2{x,y)e^i, 

and there exist two linear maps ^0 '■ 0o — ^ f)o ^nd tjji : gi — > f)i such that 

Fq[x + u) = X + iI)q[x) -\- u, Fi(a + m) = a + i/ii (a) + m. 



Set 60 = "00, ^1 = "01 &n.d ^2 = -^2- 
By 



Fo([x,w])-[Fo(x),i^o(w)]' = 0, 
Fi([x,mf)-[Fo(a;),Fi(m)]' = 0, 



we get 



(Mo(a;) -Mo(2;))(w) 
(Aio(a;) -Mo(a;))(™) 



ad, 
ad. 



i/)o(a:) 
■1/10(3;) 



(?Ti), 
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which imphcs that 

(/o - fo)i^) - M^) - ^^{x) = MM^)) - do{bo{x)). (37) 

We also have 

d'Fi(a) - Fod(a), 
F,i[u,a])^[Fo{u),Fi{a)]' - 0, 
which imphcs that 

<fi'{a)-ifi{a) = VoCdga) -d[,V'i(a), 
lj.i{a) - fi[{a) = ad^j(a). 

Therefore, we have 

(/i - /0(a) = (Ml - ^)(«) - (a*'i - ^')(a) = dD(V'i(a)) + Md,a) 

- dD(6i(a)) + &o(dga). (38) 

Furthermore, we have 

Fo[x,y]- [Fo{x),Fo{y)]' - d'F2ix,y), 
which imphcs that 

uj'ix, y) - uj{x, y) = fiQ{x)bo{y) - ^o(y)5o(a;) + [bo{x),bo(y)]ti - bo[x, y]g + d,, o 63(2;, y). 

Since _F is a Lie 2-algebra morphism, we have the equahty: 

[Fo{x), F2{y,u)]' + c.p. + l'^{Fo{x), Fo{y), Foiuj) ^ F2{[x,y],u) + c.p. + Fih{x,y,u). 
The left hand side is equal to 

"adF2(a:,y)(w) + ^^2(2;, y){u) + l^(tpo(x),'tpo{y), u) + /^/^(^)(V'o(y), w) + it,'„{y){u, 'i/'o(a;)), 
and the right hand side is equal to ^2{x, y){u), which implies that 

M2(a;,y) - fi'2{x,y) = -a.dh^(^^^y) + Z^^(^)(5o(y), •) - l^,fy){bo{x),-) + ll{bo{x),bo{y),■)■ 
ThMS, we have 

if^' - f^)ix,y) = {{^l2-^^'2){x,y),i^'-^Kx,y)) 

= [f^'o{x),bo{y)]DER - [iJ.o{y),bo{x)]uER - bo{[x,y]^) 

-dB{b2{x,y)) + [dB{bo{x)),bo{y)]uER 
= [.foix),bo{y)]uER - [.fo{y),bo{x)]BER - bo{[x,y]g) 

^du{b2ix,y)) + [duibo{x)),boiy)]DER- (39) 

Similarly, by Fi[a:;,a] — [Fo{x),Fi{a)]' — F2{x,da), we get 

iy'{x,a) - iy{x,a) = [^0(2;), 6i(a)]DER + KC^) - ^p' (a) , bo{x)]-DER. - bi{[x,a]g) 
+62(2;, dgfl) + [dD(6o(2;)),&i(a)]DER 
= [.fo(x),bi(a)]uER + [/i(a),^o(a;)]DER -6i([a:;,a]g) 

+b2{x, dgfl) + [dD(6o(a;)), &i(a)]DER. (40) 
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At last, by the equality 

[Fo{x),F2{y,z)]' + c.p. + UFoix),Foiy),Fo{z))=F2i[x,y],z)+c.p. + FMx,y,z), 

we have 

{9' -e){x,y,z) = ^i'Q{x)b2{y,z)-b2{[x,y]g,z) + c.p. 

+fj,'2{x, y)bo{z) + [bo{x),b2{y, z)]t, + ;^^(^) (bo{y) , bo{z)) + c.p. 

-b^Hlix, y, zj) + lUboix), bo{y),bo{z)). (41) 

By (ISTI),®,®,®,!!!!]), we deduce that /' and / are equivalent. 

Conversely, assume that /' = (/Iq, fi[ — (p', —fi2 + uj\ v' , 0') is equivalent to / = (/io, fJ-i — f, ~M2 + 
uj, v, 9) in the sense of Definition 13.91 For any u, v G f)o, x,y E Qq, tti G f)i and a G gi, set 

Fo{x + u) — x + bo{x)+u, 
Fi{a + m) = a + bi{a) + m, 
F2{x + u,y + v) = b2{x,y). 

By similar computations to the first part of the proof, we can deduce that F = [Fq, Fi, F2) is an 
isomorphism from the extension Eg®!, to E'^f|. This completes the proof. ■ 
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